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Derivations in the

Propositional Calculus

1.  Arguments Expressed in
the Propositional Calculus

We have seen that we can symbolize a wide variety of statement
forms using formulas of the propositional calculus.  It follows  that we can
also express argument forms constructed out of those statement forms.  Thus
when presented with the following argument:

1. If Joseph lives in Phoenix,  he lives in Arizona.

2. If Joseph lives in Tucson, he lives in Arizona.

3. Joseph lives in either Phoenix or Tucson.

4. Therefore, Joseph lives in Arizona.

we might symbolize its form as follows:

(P → A)

(T → A)

(P ∨  T)

A

We have seen that an argument form expressed in the propositional calculus
is formally valid if, and only if, its premises tautologically imply its conclusion.
Equivalently, it is formally valid if, and only if, its corresponding conditional
is a tautology.  Thus we could assess the formal validity of this argument
form by constructing a truth table for the formula

{[(P → A) & (T → A)] & (P ∨  T)] → A}.

However, there is a simpler way to go about it.  We can observe that this
argument is an instance of I15, dilemma.  Thus we already know that this is
a formally valid argument form.

Consider an argument that is a little more complicated:

1. If Joseph lives in either Arizona or California, he must pay sales tax
on this purchase.

2 If Joseph lives in Phoenix,  he lives in Arizona.

3 If Joseph lives in Tucson, he lives in Arizona.

4. Joseph lives in either Phoenix or Tucson.



by I9

by I3

by I15
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5. Therefore, Joseph must pay sales tax on this purchase.

This can be symbolized as follows:

[(A ∨  C) → S]

(P → A)

(T → A)

(P ∨  T)

S

This argument form is not an instance of any of the tautological implications
we have already noted.  However, it can be obtained  by stringing three
tautological implications together, using the principle of strong transitivity
discussed in chapter three.  We can diagram this as follows:

(P ∨  T) (P → A) (T → A)

A

(A ∨  C) [(A ∨  C) → S]

S

This diagram is just a way of representing reasoning, using tautological
implications we already know to establish new ones.  To make it look more
like ordinary reasoning, we can rewrite it as a sequence of formulas rather
than a tree:

1. [(A ∨  C) → S] given

2. (P → A) given

3. (T → A) given

4. (P ∨  T) given

5. A by I15, from (2), (3), and (4).

6. (A ∨  C) by I3 from (5)

7. S by I9 from (1) and (6).

What this illustrates is that much ordinary reasoning is just a way of
establishing tautological implications by using “obvious” implications and
principles like strong transitivity that tell us how new implications can be
obtained from old.

The purpose of this chapter is to investigate the process of constructing
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such  arguments in the propositional calculus.  We will proceed by defining
the structure of such arguments more carefully, and investigating how one
can go about finding arguments to show that a particular conclusion follows
from a given set of premises.  The arguments constructed in this way will
have a precisely delineated structure, and will be called derivations in the
propositional calculus.

2.  Derivations

Derivations will be sequences of “lines”, where a line has four parts.
The general form of a line is:

(i,j,k,...) n. formula explanation

Lines are numbered sequentially, and n is the line number .  Line numbers
are used for easy reference to particular lines.  formula is a formula of the
propositional calculus.  It is the formula inferred on that line of the derivation.
explanation is an explanation of how formula was inferred.  Explanations will
always have the general form:

rule, from (a), (b), ...

where rule is a rule of inference and (a), (b), ... are the numbers of the lines
from which formula was inferred using the rule of inference.

An argument always begins with some premises, and what  it establishes
is that its conclusion follows from its premises.  So what a derivation is
really establishing is a tautological implication.  Some of the lines of a
derivation represent premises, and other lines represent conclusions drawn
from those premises.  Not all lines need be inferred from the same premises,
so we need a way of keeping track of which premises are used in getting
each line.  That is the purpose of the initial list of numbers (i,j,k,...).  These
are the line numbers of the premises used in getting that line, and are called
the premise numbers of the line.

The lines of a derivation are really shorthand for reports of tautological
implications.  For instance, if a derivation contains a line

(3,5) 7. (P ∨  ~R) explanation

what this is telling us is that (P ∨  ~R) is tautologically implied by the
formulas on lines (3) and (5) of the derivation.

It will turn out  that it is possible to have a line of a derivation that
lacks premise numbers.  What that signifies is that the formula on that line
was inferred in such a way that it does not depend on any premises.  In
other words, it is a tautology.  Given that this is the significance of a line’s
not having premise numbers, all other lines must have premise numbers.
In particular,  premises themselves must have premise numbers.  This may
seem odd, because a premise does not depend upon anything else.  It is just
a premise.  What can we use for the premise numbers of such a line?  A
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simple choice is the line number of the line itself.  That is, if we want to
record a premise P on, say, the third line of a derivation, we can do it by
writing:

(3) 3. P premise

This says that P is adopted as a premise on line (3), and the premise number
tells us that the formula on line (3) implies itself.  This is a trivial use of
premise numbers, but its purpose is to reserve lines with no premise numbers
for recording tautologies.

3.  Linear Derivations

To say precisely which sequences of lines count as derivations, we
must say which rules of inference we are permitted to use in constructing
derivations.  Perhaps the simplest and most obvious rule of inference is one
telling us that if a formula A is tautologically implied by some other formulas
B1,…,Bm  that already occur in the derivation, then we can write A on any
subsequent line, citing the lines on which B1,…,Bm occur in our explanation.
When we make an inference of this sort, we must have some fixed list of
tautologically implication to which we can appeal, and for this purpose we
will use I1–I15 and E1–E20 from chapter three.  Equivalences are implications
that  go in both directions, and so they can be used to make an inference in
either direction.  For instance, we could cite E2 to make an inference from
~(P ∨  Q) to (~P & ~Q) or to make an inference from (~P & ~Q) to ~(P ∨  Q).
This is made precise by the following rule of inference:

RULE I: IMPLICATION: If, according to one of the implications I1 – I15 or
E1–E20, a set of formulas B1,…,Bm appearing on one or more lines
of a derivation tautologically implies a further formula A, then we
can write A on any later line of the derivation, taking as premise
numbers all of the premise numbers of B1,…,Bm.

Rule I allows us to add a line to  a derivation by appealing to previous
lines, but to get started we need a rule for introducing premises.  For  this
purpose we will use the following rule:

RULE P: PREMISE INTRODUCTION: Any formula can be written on any line
of a derivation provided that we let the premise number be the line
number of that line.

This rule lets us take anything as a premise at any time.  This may seem
overly liberal.  Shouldn’t we only be allowed to take something as a premise
if it is known to be true?  If our purpose is to establish the truth of the
conclusion, then there is no point in inferring it from premises not known
to be true, because all the derivation will establish is that the conclusion is
true if the premises are true.  However, there is nothing logically wrong with
taking premises that are not known to be true.  Recall that a line of a
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derivation is shorthand for a tautological implication.  The rules for con-
structing derivations are rules for inferring tautological implications from
one another, and a tautological implication can be correct regardless of
whether its premises are true.  So adopting premises not known to be true
is not logically fallacious.  It may just be pointless.  And it will turn out
below that it need not even be pointless.  There are legitimate reasoning
strategies that proceed by adopting premises not known to be true.

It will emerge that rules I and P must be supplemented by some
additional rules of inference, but we can do a fair amount of useful reasoning
using just I and P.  A linear derivation is one constructed using just these
rules.  For  instance, suppose we want to show that (P ↔ Q) and (Q ↔  R)
jointly imply (P ↔  R).  We could do this by  constructing the following
derivation:

(1) 1. (P ↔ Q) premise
(2) 2. (Q ↔ R) premise
(1) 3. [(P → Q) & (Q → P)] (E7), 1
(2) 4. [(Q → R) & (R → Q)] (E7), 2
(1) 5. (P → Q) (I1), 3
(2) 6. (Q → R) (I1), 4

(1, 2) 7. (P → R) (I13), 5,6
(2) 8. (R → Q) (I2), 4
(1) 9. (Q → P) (I2), 3

(1, 2) 10. (R → P) (I13), 8,9
(1, 2) 11. [(P → R) & (R → P)] (I14), 7,10
(1, 2) 12. (P ↔ R) (E7), 11

In using rule I, the implications I1–I15 and the equivalences E1–E20
serve as “patterns”. The metalinguistic variables A, B, C, etc., are  just
placeholders in the patterns, and can stand for any formulas at all. Thus in
the above derivation, in getting line 5 from line 4, we use I1:

(A & B) ¤ A.

For this purpose, we let A be the formula (P → Q) and we let B be the
formula (Q → P).

Typically, the purpose of constructing a derivation is to show that  the
formula on the last line of the derivation follows from its premises.  So a
derivation is said to be a derivation of that formula from those premises.
Thus, for example, the preceding example is a derivation of (P ↔ R) from
(P ↔ Q) and (Q ↔  R).

It should be emphasized that Rule I can only be applied to an entire
line.  If, for example, (P & Q) is the formula on one line of a derivation, then
we can use Rule I with (I2) to obtain Q on a later line.  But if [(P & Q) → R]
appears on a line of a derivation, we cannot use Rule I with (I2) to obtain
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anything from it.  In, particular, we cannot obtain (Q → R) by Rule I, using
(I2).  In fact, (Q → R) is simply not implied by [(P & Q) → R].

Exercises

1. Construct a derivation of (P ∨  Q) from the premise (P & R).

2. Construct a derivation of (C & D) from the premises (P → C),
(Q → C), D, and (P ∨  Q).

3. Construct a derivation of (P ↔ Q) from the premises (~P → R), (R →
~Q), and (P → Q).

4.  Suppositional Arguments

Although we can do a lot of reasoning using just rules I and P, many
of the implications we will want to establish cannot be proven using just
these rules.  For most purposes, we need at least one additional rule.  Recall
the  principle of conditionalization, discussed in chapter three:

If C1,…,Cn, A ¤ B, then C1,…,Cn ¤ (A → B).

This tells us that we can remove one formula from the head of the implication
and make it the antecedent of a conditional in the conclusion of the implication.
There is a corresponding rule of inference that can be used in constructing
derivations in the propositional calculus:

RULE C: CONDITIONALIZATION: If some formula, B appears on a line of a
derivation, and A is any premise of that line, then on any later line
of the derivation we can write the conditional (A → B), taking for
premise numbers all the premise numbers of B except for the line
number of A.

Rule C is essentially just a rule that allows us to say that if we have derived
a formula from a premise, then if that premise is true the formula is true.
The following is a simple illustration of the use of Rule C:

(1) 1.  P premise
(1) 2.  (P ∨  Q) (I3), 1

3.  [P → (P ∨  Q)] C, 1, 2

From the premise P we derived the conclusion (P ∨  Q).  Thus, if P is true,
then (P ∨  Q) is true.  But this means that [P → (P ∨  Q)] is true; and this is
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just what we get on line 3 using Rule C.  Rule C allows us to eliminate a
premise by writing it explicitly as the antecedent of a conditional, thus
saying that if that premise is true, then the conclusion we derived from it is
true.

Arguments constructed using rule C are examples of suppositional
arguments.  In  suppositional reasoning, we make a supposition (adopt it as a
premise for the purpose of the reasoning), perform some reasoning that
depends upon the supposition, and then discharge the supposition by employing
a rule of inference that enables us to draw a conclusion that no longer
depends upon the supposition.  Conditionalization is the  simplest rule for
discharging a supposition.  Given a conclusion that depends upon a
supposition, conditionalization permits us to infer a new conclusion (a
conditional) that no longer depends upon the supposition.  Instead, the
supposition is built into the new conclusion as its antecedent.  In section six
we will encounter  another rule that allows us to discharge a supposition.

One thing that must be emphasized about the use of Rule C is that
you can only conditionalize a formula with respect to one of its premises.  If
a formula does not occur among the premises of a given line, then you
cannot conditionalize that line with respect to that formula.  For instance,
the use of Rule C on line 5 of the following purported derivation is incorrect:

(1) 1.  (P & Q) premise
(1) 2.  Q (I2), 1
(1) 3.  (Q ∨  P) (I3), 2
(1) 4.  P (I1), 1

5.  [(Q ∨  P) → P] C, 3, 4

We cannot conditionalize in this way, because (Q ∨  P) is not one of the
premises of line 4.

An example of the correct use of Rule C is the following:

(1) 1.  P premise
(2) 2.  Q premise

(1,2) 3.  (P & Q) (I14), 1 ,2
(1) 4.  [Q → (P & Q)] C, 2, 3

5.  {P → [Q → (P & Q)]} C, 1, 4

From the premises (i.e., suppositions) P and Q we derived the conclusion (P
& Q).  So (P & Q) follows from premises (1) and (2).  Then, eliminating
premise (2), we can say that—given premise (l)—if premise (2) is true then
(P & Q) is true; that is, [Q → (P & Q)] is true.  So we can infer [Q → (P &
Q)] from the premise P.  Then using Rule C again, we can say that if P is
true, then [Q → (P & Q)] is true; that is,
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{P → [Q → (P & Q)]}

is true.  This latter formula no longer depends upon any premises, because
we have taken the only premise of the consequent and written it explicitly
as the antecedent of the conditional.

In the preceding derivation, line 5 has no premise numbers.  As indicated
earlier, this means it is a tautology.  In any derivation, we must begin by
adopting a premise.  There is no other way to get started.  But the important
thing about suppositional reasoning is that it allows you to adopt a premise
“temporarily”, as a supposition, and then elminate dependence on it later
by discharging it.  This is what makes it possible to construct derivations of
tautologies even though the reasoning must begin from premises.

In effect, there are two kinds of premises.  There may be premises that
are given.  They constitute the background knowledge we can use in our
reasoning.  But other premises are not facts we know to be true but rather
suppositions that we adopt as premises for the purposes of the reasoning and
with the intent of discharging them later.  The most common strategy used
in constructing a derivation of a conditional is to take the antecedent as a
premise, try to derive the consequent from it, and then conditionalize to
obtain the conditional and eliminate dependence on the premise.  This
illustrates why it can be useful to adopt premises that are not known to be
true.  They can instead be adopted for strategic reasons, provided we can
later eliminate dependence on them through conditionalization.

At any given point in a derivation, any formula can be adopted as a
premise, but most premises will not be useful.  If a premise is not among
the premises we are initially given, then it will only be useful if it can later
be eliminated by conditionalization or some other  discharge rule.   And a
premise can only be eliminated by conditionalization if we have an interest
in obtaining a conditional having that premise as its antecedent.  The
conditional might be the  conclusion we are trying to derive.  But it can also
happen that we are trying to derive a conclusion that is not a conditional,
but which can be derived from a conditional by using other inference rules.
For example, suppose we want to construct a derivation of the tautology (P
∨  ~(P & Q)) (i.e., a derivation from no premises).  By (E12), (P ∨  ~(P & Q)) is
equivalent to (~(P & Q) ∨  P), and by (E4) the latter is equivalent to the
conditional ((P & Q) → P).  The conditional ((P & Q) → P) can be obtained
using conditionalization.  So the whole derivation is as follows:

(1) 1. (P & Q) premise
2. P (I1),1
3. ((P & Q) → P) C, 1,2
4. (~(P & Q) ∨  P) (E4), 3
5. (P ∨  ~(P & Q)) (E12), 4
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Exercises

Part One.

1. Using conditionalization, construct a derivation (from no premises)
of the tautology [(P & Q) → (Q ∨  R)].

2. Construct a derivation of the formula (P ↔ ~~P).

3. Construct a derivation of the formula ~(P & ~P).

Part Two.  In each of the following purported derivations, check the lines
for errors, and indicate the numbers of the lines on which errors occur.  An
error is said to occur in a line if the line cannot be introduced in accordance
with the rules of inference.  This means that in checking a line for errors,
you only look at that line to see whether it has the necessary relation to the
previous lines, and treat the previous lines as if they were all correct.  If a
line is incorrect, try to find a way of correcting it (perhaps by adding additional
lines).

1. (1) 1. P premise
(2) 2. (P → Q) premise

(1, 2) 3.  Q (I9), 1, 2

2. 1.  (P ∨  Q) premise

3. (1) 1.  (P ∨  Q) premise
(2) 2.  ~Q premise

(1, 2) 3.  P (I11), 1, 2
(1) 4.  [ ~Q → (P ∨  Q)] C, 2, 1

(1, 2) 5.  {P & [ ~Q → (P ∨  Q)]}  (I14), 3, 4

4. (1) 1. ~(P & ~Q) premise
(1) 2.  (P → Q) (E5), 1
(2) 3.  (Q → R) premise

(1, 2) 4.  (P → R) (I13), 2, 3

5. (1) 1. [(R ∨  S) ↔  ~T] premise
(1) 2.  {[(R ∨  S) & ~T] ∨  [ ~(R ∨  S) & ~~T]} (E8), 1
(1) 3. {[ ~T & (R ∨  S)] ∨  [ ~~T & ~(R ∨  S)]} (Ell), 2
(1) 4. [ ~T ↔  (R ∨  S)] (E8), 3

6. (1) 1. [R ↔ ~(S ∨  ~T)] premise
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(2) 2. ~R premise
(1) 3.  {[R → ~(S ∨  ~T)] & [ ~(S ∨  ~T) → R]} (E7),1
(1) 4. [R → ~(S ∨  ~T)] (I1), 3

(1, 2) 5. ~~(S ∨  ~T) (I10), 2, 4
(1, 2) 6. (S ∨  ~T) (E1), 5

(7) 7. T premise
(1, 2) 8. (~T ∨  S) (E12), 6

(1, 2, 7) 9.  S (I11), 7, 8
(1, 7) 10. (~R  → S) C, 2, 9
(11) 11. (R ↔ S) premise
(11) 12. [(R → S) & (S → R)] (E7), 11
(11) 13. (S → R) (I2), 12

(1, 2, 7, 11) 14.  R (I9), 9, 13
(1, 7, 11) 15. (R & ~R) (I14), 2, 14

(7, 11) 16.  {[R ↔ ~(S ∨  ~T)] → (R & ~R)} C, 1, 15
(17) 17.  R premise

18. (R → R) C, 17, 17
19. ~(R & ~R) (E5), 18

(7, 11) 20. ~[R ↔ ~(S ∨  ~T)] (I10), 16, 19
(11) 21.  {T → ~[R ↔ ~(S ∨  ~T)]} C, 7, 20
(11) 22. (S → {T → ~[R ↔  ~(S ∨  ~T)]}) C, 9, 21
(11) 23.  {(S & T) → ~[R ↔ ~(S ∨  ~T)]} (E15), 22
(11) 24.  {[R ↔ ~(S ∨  ~T)] → ~(S & T)} (E16), 23

5.  Strategies

Derivations provide an effective tool for investigating the validity of
arguments expressed in English.  For example, consider the following argu-
ment:

1. If the river floods or heavy rains later in the summer, then our entire
wheat crop will be destroyed.

2. If our entire wheat crop will be destroyed then the community will be
bankrupt.

3.  The river will flood if, and only if, there is an early thaw in the mountains.

4. Therefore, if there is an early thaw in the mountains, then our entire
wheat crop will be destroyed and the community will be bankrupt.

We can symbolize the form of this argument in the propositional calculus
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as follows:

1. [(F ∨  H) → D]
2. (D → B)
3. (F ↔  E)

4. [E → (D & B)]

We could evaluate this argument by constructing its corresponding
conditional and then writing out a truth table, but such a truth table would
be 32 lines long and would have 352 entries.  It is much easier to construct a
derivation of the conclusion from the premises as follows:

(1) 1.  [(F ∨  H) → D] premise
(2) 2.  (D → B) premise
(3) 3.  (F ↔  E) premise
(4) 4.  E premise
(3) 5.  [(F → E) & (E → F)] (E7), 3
(3) 6.  (E → F) (I2), 5

(3, 4) 7.  F (I9), 4, 6
(3, 4) 8. (F ∨  H) (I3), 7

(1, 3, 4) 9. D (I9), 1, 8
(1, 2, 3, 4) 10. B (I9), 2, 9
(1, 2, 3, 4) 11. (D & B) (I14), 9, 10

(1, 2, 3) 12. [E → (D & B)] C, 4, 11

“This is all very well,” you may reply, “but how does one find
derivations?” The answer is that it requires ingenuity.  The construction of
derivations is not so mechanical as the construction of truth tables.  However,
there are definite strategies that are helpful in constructing derivations.  If
these strategies are employed systematically, it is always possible to construct
a derivation of a formula from a set of premises that tautologically implies
it.  We can list strategies for each type of formula (for example, conjunction,
disjunction, and so on).

5.1  Conditionals
We might be confronted with either of two situations with regard to

conditionals.  We might be trying to get a conditional as a consequence of
something else, or we might be trying to get something else as a consequence
of a conditional.  These cases are treated separately.

Backward reasoning
Let us suppose first that we are trying to derive a conditional from

something else.  The last derivation above illustrates what is generally the
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simplest way to go about this.  In deriving the conditional [E → (D & B)]
from the premises, what we did was take the antecedent E as a new premise,
and then with its help we derived the consequent (D & B).  Then we
conditionalized to get the conditional.  This is almost always the best way
to derive a conditional from its premises.  Let us look at another example of
this same technique.  Suppose we want to show that

{Q → [R → (Q & R)]}

is a tautology.  Then we can construct a derivation as follows:

(1) 1.  Q premise
(2) 2.  R premise

(1, 2) 3.  (Q & R) (I14), 1, 2
(1) 4. [R → (Q & R)] C, 2, 3

5.  {Q → [R → (Q & R)]} C, 1, 4

In constructing this derivation, we first took the antecedent of the conditional,
P, as a premise, and then sought to derive the consequent [R → (Q & R)]
from it.  But this consequent is also a conditional, so we took its antecedent,
R, as a new premise and then sought to derive its consequent (Q & R).  This
we could do using I14.  Then we conditionalized in reverse order to attach
the antecedents in their proper places.

The derivation is an explanation of why the conclusion follows from
the premises, but it does not fully explain the reasoning that led us to the
derivation.  That reasoning was bidirectional.  Some of it proceeded backward
from the conclusion that we were trying to get to other formulas from
which we could get the conclusion.  These other formulas became interests.
For example, because we were trying to get the conditional {Q → [R → (Q
& R)]}, we adopted Q as a supposition and then adopted an interest in
getting the consequent [R → (Q & R)].  Then we reasoned backward again
from that interest to an interest in getting (Q & R) given the combined
suppositions Q and R.  At that point we were able to reason forward to (Q &
R). Then we completed the derivation by reversing the earlier backward
reasoning to draw the conclusions that we were looking for at each step of
the backward reasoning.  When we draw conclusions by reversing the
backward reasoning, we say that we are discharging the interests.  The interests
were for something, and we are now getting it.

Annotated derivations
A derivation only documents the forward reasoning and the interest

discharges in our reasoning.  To help keep track of what we have done in
searching for a derivation, it is often useful to include more information by
indicating how the backward reasoning went as well.  For this purpose we
can write annotated derivations.  For example, we can annotate the preceding
derivation as follows:
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1. {Q → [R → (Q & R)]}
(1) 1.  Q premise

(1) 2. [R → (Q & R)] for interest 1 by C using premise (1)
(2) 2.  R premise

(1,2) 3. (Q & R) for interest 2 by C using premise (2)
(1,2) 4. Q for interest 3 by (I14) discharged by (1)
(1,2) 5. R for interest 3 by (I14) discharged by (2)

(1, 2) 3.  (Q & R) (I14), 1, 2 discharges interest 3
(1) 4. [R → (Q & R)] C, 2, 3 discharges interest 2

5.  {Q → [R → (Q & R)]} C, 1, 4 discharges interest 1

The bold italicized text records the construction and discharge of interests.
The interests are numbered sequentially and offset to the right to distinguish
them from conclusions. To the right of each interest is an explanation of
why it was adopted. In that explanation, numbers in parentheses refer to
conclusions and numbers not in parentheses refer to earlier interests.  The
list of premise numbers preceding an interest indicates which premises can
be used in deriving a conclusion that discharges the interest.  Interest 2 is an
interest in obtaining the consequent of the conditional in interest 1, so we
can also use the antecedent of the conditional (premise 1) in getting the
consequent for the purpose of employing conditionalization.  Similarly for
interest 3.

With one exception, when an interest is added to an annotated derivation
by reasoning backward from another interest, the new interest has the same
premise numbers as the interest from which it was obtained.  The exception
concerns interests adopted by conditionalization.  Such an interest is
accompanied by a new premise (the supposition of the antecedent of the
desired conditional), and the number of that new premise is added to the
premise numbers of the interest in the consequent of the conditional.  This
is illustrated in interests 2 and 3 of the preceding annotated derivation.
This represents the fact that for purposes of conditionalization, we can use
the premise recording the supposition of the antecedent in trying to derive
the consequent.  Rule R, which will be introduced in section seven, works
similarly.  That is, it introduces a new premise (a supposition) which can
then be used in trying to derive the interests generated by rule R.

The bidirectional reasoning recorded in an annotated derivation is
called interest driven reasoning because the structure of the reasoning is driven
as much by what we are trying to prove as by whatever premises we might
be given.

Forward reasoning
When we are trying to derive a conditional from something else, we

are engaged in backward reasoning and subsequent interest discharge.  If
we are instead trying to derive something from a conditional, we are engaged



DERIVATIONS IN THE PROPOSITIONAL CALCULUS 84

in forward reasoning.  In the case of conditionals, there are four common
varieties of forward inferences.  The simplest and most common forward
inference using conditionals is modus ponens.  If we have a conditional (A →
B) on one line and we have the antecedent A on another line, then by I9 we
can derive B.  An example would be the following:

(1) 1.  (P & Q) premise
(2) 2.  [Q → (R & ~S)] premise
(1) 3.  Q (I2), 1

(1, 2) 4.  (R & ~S) (I9), 2, 3
(1, 2) 5.  ~S (I2), 4

Another common case is that in which we have a conditional (A → B)
on one line, and we have ~B, the negation of its consequent, on another
line.  Using I10 we can derive ~A, the negation of the antecedent.  This
inference is called modus tollens.  The following contains an example of
modus tollens:

(1) 1.  [Q → (R & S)] premise
(2) 2.  ~S premise
(2) 3. (~R ∨  ~S) (I4), 2
(2) 4.  ~(R & S) (E2), 3

(1, 2) 5.  ~Q (I10), 1, 4

A less common forward inference occurs when we have a conditional
of the form (A → B) and have some other conditional of the form (B → C).
From these, using I13, we can derive (A → C).  This inference is called
hypothetical syllogism.  An example of the use of hypothetical syllogism is
found in the following derivation:

(1) 1.  (~P ∨  Q) premise
(2) 2.  (~Q ∨  R) premise
(1) 3.  (P → Q) (E4), 1
(2) 4.  (Q → R) (E4), 2

(1, 2) 5.  (P → R) (I13), 3, 4
(1, 2) 6.  (~P ∨  R) (E4), 5

Another common inference from conditionals takes one of the following
forms:

(A → B) ¤ (~B → ~A)

(~A → ~B) ¤ (B → A)

These inferences are both called contraposition, and are licensed by E16.
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Exercises for section 5.1

For each of the following, give an annotated derivation of the formula
below the line from the formulas above the line.  Keep in mind the strategies
for constructing derivations.

1. [P → (Q → R)] 2.  (P → Q)
[(P → Q) → (P → R)] (~P → R)

(~R → Q)

5.2  Conjunctions
The strategies for reasoning forward or backward with conjunctions

are simple and basically similar.  When reasoning forward from a conjunction
(A & B), it is generally a good idea to “take the conjunction apart”, using I1
and I2 to obtain the individual conjuncts and then reason from them.
Conversely, when trying to infer a conjunction from other formulas, it is
generally best to try to obtain the conjuncts separately and then conjoin
them using I14.  Both of these strategies are illustrated by the following
annotated derivation of [(Q ∨  R) & (P ∨  S)] from (P & Q):

(1) 1. (P & Q) premise
(1) 1. [(Q ∨  R) & (P ∨  S)]

(1) 2. (Q ∨  R) 
 for interest 1 by (I14).

(1) 3. (P ∨ S) 
(1) 2. P (I1), 1

(1) 3. Q (I2), 1
(1) 4. (P ∨  S) (I3), 2   this discharges interest 3
(1) 5. (Q ∨  R) (I3), 3 this discharges interest 2
(1) 6. [(Q ∨  R) & (P ∨  S)] (I14),4,5     this discharges interest

1

Exercise for section 5.2

Give an annotated derivation of the formula below the line from the formulas
above the line.  Keep in mind the strategies for constructing derivations.

1. (P → Q)
(P → R)
[P → (Q & R)]
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5.3  Disjunctions
There is a variety of strategies for use with disjunctions.  The strategies

for backward reasoning are different from those for forward reasoning, so
we will discuss them separately.

Backward reasoning
The strategies for backward reasoning are strategies for deriving

disjunctions from other formulas.  The simplest case occurs when we can
derive one of the disjuncts separately and then infer the disjunction by I3 or
I4 (addition).  This was illustrated by the preceding derivation.  We could
expand its annotation as follows:

(1) 1. (P & Q) premise
(1) 1. [(Q ∨  R) & (P ∨  S)]

(1) 2. (Q ∨  R) 
 for interest 1 by (I14)

(1) 3. (P ∨ S) 
(1) 4. Q for interest 2 by (I3)

(1) 5. P for interest 3 by (I3)
(1) 2. P (I1), 1 this discharges interest 5
(1) 3. Q (I2), 1 this discharges interest 4
(1) 4. (P ∨  S) (I3), 2     this discharges interest 3
(1) 5. (Q ∨  R) (I3), 3 this discharges interest 2
(1) 6. [(Q ∨  R) & (P ∨  S)] (I14),4,5    this discharges interest 1

It is rather uncommon to be able to derive a disjunction using addition.
A strategy that is usually more effective employs either E19 or E20.  These
equivalences tell us that a disjunction is equivalent to a conditional. We
observe that (A ∨  B) is equivalent to (~A → B) by E19 and it is equivalent
to (~B → A) by E20. So to get the disjunction, we adopt interest in one of
these conditionals. For this purpose, we can employ the strategy for
conditionals to get the conditional.  Thus to obtain (A ∨  B) we can take the
negation of one of the disjuncts as a premise (as a supposition), use that
premise to derive the other disjunct, conditionalize to obtain a conditional,
and then convert the conditional back into a disjunction using E19 or E20.
To illustrate, suppose we want to derive (P ∨  Q) from [P ∨  (Q & R)].  We
could proceed as follows:

(1) 1. [P ∨  (Q & R)] premise
(1) 1. (P ∨  Q)
(1) 2. (~P → Q) E19, for interest 1

(2) 2. ~P premise
(1,2) 3. Q for interest 2 by C using premise (2)

(1, 2) 3. (Q & R) (I11), 1, 2
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(1, 2) 4. Q (I1), 3 this discharges interest 3
(1) 5. (~P → Q) C, 2, 4 this discharges interest 2
(1) 6. (P ∨  Q) E19, 5 this discharges interest 1

Forward reasoning
In reasoning forwards from a disjunction, one strategy is to somehow

obtain the negation of one of the disjuncts and then infer the other disjunct
in accordance with I11 or I12 (disjunctive syllogism).  This was the strategy
employed on line 3 of the preceding derivation.  However, one is not usually
so fortunate as to be able to derive the negation of one of the disjuncts, so
this strategy is not often applicable.

A strategy that can be used in general for reasoning forward from a
disjunction proceeds in terms of I15 (dilemma).  That is, if we want to derive
some conclusion C from a disjunction of the form (A ∨  B), we can do that
by deriving the two conditionals (A → C) and (B → C).  In other words,
we derive our desired conclusion C separately from each disjunct, and then
use I15 to get C.  An example of this would be the following:

(1) 1.  [(P & Q) ∨  (P & R)] premise
(1) 1. P

(1) 2. [(P & Q) → P]  for interest 1 by (I15)


(1) 3. [(P & R) → P]  using premise (1)
(2) 2.  (P & Q) premise

(1,2) 4. P for interest 2 by C using premise (2)
(2) 3.  P (I1), 2 this discharges interest 4

4.  [(P & Q) → P]      C, 2,3 this discharges interest 3
(5) 5.  (P & R) premise

(1,5) 5. P for interest 3 by C using premise (5)
(5) 6.  P (I1), 5 this discharges interest 5

7.  [(P & R) → P]    C,5,6 this discharges interest 3
(1) 8.  P (I15), 1, 4, 7 this discharges interest 1

In this annotated derivation notice that we have two separate interests in P.
This is because in inferring a conclusion that discharges interest 4 we are
allowed to use supposition 2, whereas in inferring a conclusion that discharges
interest 5 we are not allowed to use supposition 2  but we can use supposition
5 instead.

The use of dilemma to derive conclusions from disjunctions is usually
effective, but rather inefficient.  The problem with this strategy is that, in
effect, one must construct two separate derivations of the conclusion, one
from each disjunct.  So this should be regarded as a kind of “last resort”
strategy.  Try this only if you cannot find a better way to do the derivation.
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Exercise for section 5.3

Give an annotated derivation of the formula below the line from the formula
above the line.  Do this in two different ways: (1) Use the strategy for
deriving a disjunction from something else, and disjunctive syllogism; (2)
use dilemma:

1. [Q ∨  (P & R)]
(Q ∨  R)

5.4  Biconditionals
The strategy for dealing with biconditionals is basically simple—turn

them into somethng else that we already know how to deal with.  We have
two equivalences that are useful for this purpose, E7 and E8.  By E7 the
biconditional (A ↔  B) is equivalent to the conjunction [(A → B) &
(B → A)], so if we wish to derive something from a biconditional, we can
first transform the biconditional into a conjunction, using E7, and then proceed
as with conjunctions. Conversely, if we wish to derive a biconditional from
something else, we can first derive the conjunction to which it is equivalent,
and then use E7 to transform it into the biconditional.  The conjuncts are
conditionals, so we will typically use conditionalization to derive them.
Here is an example, in which we derive (~P ↔ ~Q) from (P ↔ Q):

(1) 1. (P ↔ Q) premise
(1) 1. (~P ↔ ~Q)

(1) 2. [(P → Q) & (Q → P)] E7, 1
(1) 3. (P → Q) (I1), 2
(1) 4. (Q → P) (I2), 2

(1) 2. [(~P → ~Q) & (~Q → ~P)] E17, for interest 1

(1) 3. (~P → ~Q) 
 for interest 2 by (I14)

(1) 4. (~Q → ~P) 
(1) 5. (~P → ~Q) E16, 4 this discharges interest 3
(1) 6. (~Q → ~P) E16, 3 this discharges interest 4
(1) 7. [(~P → ~Q) & (~Q → ~P)] (I14), 5, 6

this discharges interest 2
(1) 8. (~P ↔  ~Q) E7, 7 this discharges interest 1

Alternatively, we can use E8 to transform a biconditional (A ↔  B) into a
disjunction [(A & B) ∨  (~A & ~B)], and then work with the disjunction.
This is sometimes effective, but usually less useful than the preceding strategy.
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Exercises for section 5.4

For each of the following, give an annotated derivation of the formula
below the line from the formulas above the line.  Keep in mind the strategies
for constructing derivations.

1. (A ↔ B) 2.  (A ↔ B)
~(A & B) (B ↔ C)
~B (A → C)

5.5  Negations
A general strategy for dealing with negations is to use one of the

equivalences E1, E2, E3, E5, or E6 to convert the negated formula into
something else.  This works for the negation of anything other than an
atomic formula.  The negation of a negation drops both negations, the negation
of a disjunction becomes a conjunction, the negation of a conjunction becomes
a disjunction, the negation of a conditional becomes a conjunction, and the
negation of a biconditional becomes another biconditional.  Thus we can
eliminate the negation and use the strategies that are applicable to the
equivalent formula to which the negation is transformed.  For example, if
we want to derive (~P ∨  ~Q) from ~(P ∨  Q), we might proceed as follows:

(1) 1.  ~(P ∨  Q) premise
(1) 1. (~P ∨  ~Q)
(1) 2. ~P  for interest 1 by (I3)

(1) 2.  (~P & ~Q) (E2), 1
(1) 3. ~P (I1), 2 this discharges interest 2
(1) 4.  (~P ∨  ~Q) (I3), 3 this discharges interest 1

Exercises for section 5.5

For each of the following, give an annotated derivation of the formula
below the line from the formulas above the line.  Keep in mind the strategies
for constructing derivations.

1. ~[P → (Q & R)] 2.  [P & ~(R ∨  S)]
R ~(P → S)
(P → ~Q)

5.6  Combining the Strategies
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Let us consider an extended example illustrating how these strategies
can be combined in complex derivations that use a number of strategies
simultaneously.  Suppose we want to derive (S → ~T) from the premise
{~[P → (S & T)] ∨  [(S → ~P) & (T → P)]}.  We can do this with the
following derivation:

(1) 1.  { ~[P  → (S & T) ] ∨  [(S → ~P) & (T → P)]} premise
(1) 1. (S → ~T)

(2) 2. {~[P → (S & T)] → (S → ~T)}     for interest

 1 by (I15)


(3) 3. {[(S → ~P) & (T → P)] → (S → ~T)}  using (1)
(2) 2. ~[P → (S & T)] premise

(4) 4. (S → ~T)  for interest 2 by C using premise (2)
(2) 3.  [P & ~(S & T)] (E5), 2
(2) 4. ~(S & T) (I2), 3
(2) 5. (~S ∨  ~T) (E3), 4
(2) 6.  (S → ~T) (E4), 5 this discharges interest 4

7.  {~[P → (S & T) ] → (S → ~T)} C, 2, 6  this discharges interest 2
(8) 8. [(S → ~P) & (T → P)] premise

(8) 5. (S → ~T) for interest 3 by C using premise (8)
(9) 9. S premise

(8,9) 6. ~T for interest 5 by C using premise (9)
(8,9) 10.  (S → ~P) (I1), 9
(8,9) 11. ~P (I9), 9, 10
(8,9) 12.  (T → P) (I2), 8
(8,9) 13.  ~T (I10), 11, 12 this discharges interest 6

(8) 14. (S → ~T) C, 9, 13 this discharges interest 5
15.  {[(S → ~P) & (T → P)] → (S → ~T)} C, 8, 14

this discharges interest 3
(1) 15.  (S → ~T) (I15), 1, 7, 15 this discharges interest 1

Here we have followed the dilemma strategy for deriving a conclusion
from a disjunction.  The premise is a disjunction, so we tried to derive the
conclusion from each disjunct separately, which we did on lines 7 and 15,
and then used I15 to obtain the conclusion from our initial premise.  We
were trying to obtain conditionals on lines 7 and 15, so we used the strategy
for deriving conditionals, which is to take the antecedent as a new premise,
and then try to derive the consequent from it.  Thus on line 2 we took the
first disjunct as a new premise.  This disjunct is a negation, so we used our
strategy for negations, which is to turn them into something else.  We did
this using E5.  The result is a conjunction.  From a conjunction we can
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obtain each conjunct separately.  In this case we only needed the second
conjunct, which we obtained by I2: ~(S & T).  This is a negation, so we used
E3 to drive the negation in and convert it to a disjunction (~S ∨  ~T).  We
were looking for (S → ~T), which we could then obtain by (E4). Thus we
derived (S → ~T) from the first disjunct.  Next we turned to the second
disjunct, taking it as a new premise.  It is a conjunction, so we obtained each
conjunct separately, using I1 and I2.  To obtain (S → ~T) we took the
antecedent as a premise and tried to derive the consequent.  That was done
immediately by I9 and I10.  Thus we obtained (S → ~T) from each disjunct
of line 1, and hence by I15 it followed from line 1.

Exercises

For each of the following, give an annotated derivation of the formula
below the line from the formulas above the line.  Keep in mind the strategies
for constructing derivations.

1.  [P → (Q → R)] 2.  [P → (~Q → ~P)]
~R ~(P → Q)
(P → ~Q) ~P

3. ~(R → S) 4. (~P  → R)
[R → (S ∨  ~T)] [ ~Q → (R  → S)]
~T [(P ∨  Q) ∨  (R & S)]

5.  P 6.  [(R → S) ∨  (R & ~T)]
[(P & Q) ∨  (P & ~Q)] [R & (T ↔  ~S)]

~T

7. (P & ~P) 8. ~[R ∨  (~S → ~T)]
Q ~[(R → S) → ~(~R → ~Q)]

~Q

6.  Double Negations

The rules and strategies discussed above are adequate for deriving
formulas from any premises that tautologically imply them.  However, the
derivations produced in this way are often more complex than they need to
be.  To simplify things, we will add two more rules of inference.  The rule
DN of  double negation will be presented in this section, and reductio ad
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absurdum will be discussed in the next section.
Many inferences produce formulas containing double negations, and

for the reasoning to proceed we usually have to eliminate the double
negations.  That can be tedious using the rules presented above.  To illustrate,
suppose we want to show that (~P → P) tautologically implies P.  To construct
a derivation, we might proceed as follows:

(1) 1. (~P → P) premise
1. P

(1) 2. (~~P ∨  P) (E4), 1
(1) 2. (~~P → P)  for interest 1 by (I15)


(1) 3. (P → P)     using conclusion (2)

(4) 4. ~~P premise
(1,4) 4. P for interest 2 by C using premise (4)

(4) 5. P (E1), 4 this discharges interest 4
6. (~~P → P) C, 4, 5 this discharges interest 2

(7) 7. P premise
(1,4) 5. P for interest 3 by C using premise (7)

discharged by (7)
8. (P → P) C, 7, 7

(1) 9. P (I15), 1, 6, 8 this discharges interest 1

This reasoning is made complex by the fact that to eliminate the double
negation in (~~P ∨ P), we must get ~~P on a line by itself and then use (E1).
If we could eliminate the double negation inside the disjunction, we could
reason as follows:

(1) 1. (~P → P) premise
1. P

(1) 2. (~~P ∨  P) (E4), 1
(1) 3. (P ∨ P) eliminating double negation in 2
(1) 4. P (E17), 3 this discharges interest 1

The inference from (2) to (3) is not licensed by rule I, beause as we saw
above, rule I can only be applied to the entire formula on a line—not to
parts of a formula.  However, in this case the inference is clearly valid.  The
following metatheorem holds in general:

If A is a formula containing a double negation ~~B as one of its
parts, and A* results from replacing the occurrence of ~~B by B,
then A is tautologically equivalent to A*.

It is easy to see that this principle holds.  Just think about the truth tables
for A and A*.  Because ~~B and B are equivalent, they will have the same
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truth value on any given line of the truth table for A or A*.  The other parts
of the formulas are identical, so they will also have the same truth values,
and hence the truth values for A and A* must come out the same on each
line.  So A and A* are tautologically equivalent.

This metatheorem justifies the adoption of an additional inference rule
allowing us to introduce or eliminate double negations as we see fit:

RULE DN: DOUBLE NEGATION:

If some formula, A, appears on a line of a derivation, and a double
negation ~~B is one of its parts, then where A* results from replacing
a single occurrence of ~~B by B, A* can be written on any later line
of the derivation, taking for premise numbers all the premise numbers
of A.

If some formula, A, appears on a line of a derivation, and a formula
B is one of its parts, then where A* results from replacing a single
occurrence of B by ~~B, A* can be written on any later line of the
derivation, taking for premise numbers all the premise numbers of
A.

Notice that DN has two parts.  The first part allows us to eliminate a double
negation whenever we want, and the second part allows us to introduce a
double negation whenever that it strategically desirable.  Notice also that
DN only allows us to introduce or eliminate a single double negation at a
time.  To introduce or eliminate several double negations requires several
applications of the rule.

Exercises

For each of the following, give two derivations of the formula below the
line from the formulas above the line.  Keep in mind the strategies for
constructing derivations.  In the first derivation, use rule DN.  In the second
derivation, do not use rule DN.

1. (P → ~~Q) 2.  (P → ~~Q)
(~Q → ~P) (Q → ~~R)

(P → ~~R)

7.  Reductio ad Absurdum

A very useful strategy that we have not yet discussed is called reductio
ad absurdum (reduction to absurdity).  This is actually a pair of related
strategies, both based upon the same idea.  The idea is that to show that
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something is true, it suffices to show that the supposition that it is false
leads to an absurd result.  This can be turned into a precise strategy by
noting the following two tautological implications:

(~P → P) ¤ P

[~P → (Q & ~Q)] ¤ P

At the beginning of the preceding section we showed how to derive P from
(~P → P).  P can be derived from [~P → (Q & ~Q)] as follows:

(1) 1. [~P → (Q & ~Q)] premise
(1) 1. P
(1) 2. ~(Q & ~Q) (I10), for interest 1 by (I10)
(1) 3. (~Q ∨  ~~Q) for interest 2 by (E3)
(1) 4. (Q → ~~Q) for interest 3 by (E4)

(2) 2. Q premise
(2) 5. ~~Q for interest 4 by C using premise (2)
(2) 6. Q for interest 5 by (E1) discharged by (2)

(2) 3. ~~Q (E1), 2 this discharges interest 5
4. (Q → ~~Q) C, 2, 3 this discharges interest 4
5. (~Q ∨  ~~Q) (E4), 4 this discharges interest 3
6. ~(Q & ~Q) (E3), 5 this discharges interest 2

(1) 7. ~~P (I10), 1, 6
(1) 8. P (E1), 7    (or by DN, 7) this discharges interest 1

The strategy of reductio ad absurdum then consists of deriving either (~P →
P) or a formula of the form [~P → (Q & ~Q)], in order to derive P.  The
derivation for (~P → P) can then be turned into a derivation of P by
adding the derivation of P from (~P → P) to the end of it.  And the
derivation for [~P → (Q & ~Q)] can be turned into a derivation of P by
adding the derivation of P from [~P → (Q & ~Q)] to the end of it.  Note
that a slight variant of the strategy will allow us to derive ~P by deriving
(P → ~P) or by deriving [P → (Q & ~Q)].

This strategy is extremely useful, but it is tedious to have to finish the
derivations by repeatedly rewriting the derivation of P from either (~P →
P) or [~P → (Q & ~Q)].  We could rectify that by adding the two tautological
implications:

(~P → P) ¤ P

[~P → (Q & ~Q)] ¤ P

to the list of implications used by rule I.  That would allow us to infer P
directly from either (~P → P) or [~P → (Q & ~Q)].  However, we can
simplify things even more by adding a rule of inference (really, a pair of
rules) instead:
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RULE R: REDUCTIO AD ABSURDUM:

If a formula Q appears on some line of a derivation and ~Q appears
on another line, then for any formula P that is a premise of one of
those lines, ~P can be written on any later line of the derivation,
taking for premise numbers all of the premise numbers of Q and ~Q
except for the line number of P.

If a formula Q appears on some line of a derivation and ~Q appears
on another line, then for any formula ~P that is a premise of one of
those lines, P can be written on any later line of the derivation,
taking for premise numbers all of the premise numbers of Q and ~Q
except for the line number of ~P.

The first version of the rule is of use when we are trying to derive a negation.
Otherwise fwe use the second version. By using this rule we avoid having
to conjoin Q and ~Q. and we also avoid having to conditionalize to construct
the conditional.  Notice also that this rule accommodates both kinds of
reductio ad absurdum.  If we infer P from the supposition ~P, then we
automatically have a formula and its negation appearing on separate lines
of the derivation, and so we can apply the rule.  This is just the case in
which Q is P itself.

Consider an example of the use of this rule.  Suppose we want to
derive [(P → Q) → (P → R)] from the premise [P → (Q → R)].  We could
do it as follows:

(1) 1. [P → (Q → R)] premise
(1) 1. [(P → Q) → (P → R)]

(2) 2. (P → Q) premise
(1,2) 2. (P → R) for interest 1 by C using premise (2)

(3) 3. ~(P → R) premise (for rule R)
(3) 4. (P & ~R) (E5), 3
(3) 5. P (I1), 4
(3) 6. ~R (I2), 4

(1,3) 7. (Q → R) (I9), 1, 5
(2,3) 8. Q (I9), 2, 5

(1,2,3) 9. R (I9), 7, 8
(1,2) 10. (P → R) R, 6, 9 this discharges interest 2

(1) 11. [(P → Q) → (P → R)] C, 2, 10      this discharges interest 1

This illustrates the use of rule R, but the astute reader may notice that it
would have been easier to get the same conclusion by using the strategy for
conditionals, taking P as a premise and deriving R.  Typically, derivations
based upon reductio ad absurdum will be long, and if there is another way to
solve the problem it is better to do it that way.  Like the use of dilemma,
reductio ad absurdum should be viewed as a “last resort” strategy, to be used
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only when simpler strategies fail.
Notice that rule C, rule R is a discharge rule. That is, it allows us to

draw a conclusion having one fewer premise than the lines from which the
conclusion is drawn. This is because rule R is actually a shortcut for a
pattern of reasoning that includes a use of rule C. Doing the same reasoning
without rule R would require us to derive the conditional [~P → (Q &
~Q)], which we would normally do by conditionalization.

What reasoning in accordance with rule R actually amounts to is a
demonstration that a set of premises is inconsistent. If we add ~P to our
given premises and then derive both Q and ~Q from that enlarged set of
premises, we have shown that those premises cannot all be true. Thus the
negation of any one of them follows deductively from the others. In particular,
P follows from the given premises. 

Exercises

Part (a) For each of the following, give an annotated derivation of the formula
below the line from the formulas above the line.  Keep in mind the strategies
for constructing derivations.  Try doing the derivations both with and without
rule R.

1. (P → Q) 2. [P  → (Q → R)]
~(P → R) (P  → Q)
~(Q → R) (R  → ~Q)

~P

3. [P → ~(S & ~T)]
(~P → ~S)
~T
~S

Part (b)  For each of the following, give an annotated derivation of the
formula below the line from the formulas above the line.

1. (S → ~S) 2. ~{P → [ ~Q & ~(R ∨  ~S)]}
(R ∨  S) {[P & (R ∨  ~S)] ∨  (P & Q)}
(P → ~R)
[(P → S) & ~S]

3. [(P ∨  Q) ∨  R] 4. [(P ∨ Q) → (P ∨  R)]
[P → (S ↔ ~T)] [P ∨  (Q → R)]
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[Q → ~(S ∨  ~T)]
[T → ~(R & S)]
[ ~T → (R & S)]
(S ↔ ~T)

Part (c)  Show that the following formulas are tautologies by giving annotated
derivations of them; that is, derivations the last lines of which have no
premise numbers.

1. (P ∨  ~P)

2. [(P & Q) → (~Q → R)]

3. [(P ↔ Q) → (~P  ↔  ~Q)]

4. {(P → Q) → [(Q → R) → (P → R)]}

5. [P → (~P → Q)]

6. [P → (Q → P)]

7. {[(P & Q) → R] ↔ [(P & ~R) → ~Q]}

8. {P ↔ [~P → (Q & ~Q)]}

9. [(P → Q) ∨  (Q → P)]

Part (d)  For each of the following, if the formula below the line is tautologically
implied by the formulas above the line, construct a derivation to show that
it is.  If the formula below the line is not tautologically implied by the
formulas above the line, show that it is not by a suitable assignment of truth
values to the atomic parts of the formulas.

1. [P → (~Q → R)] 2. [P ↔ (R ∨  ~P)]
~R R
(P → Q)

3. [P → (~Q → R)] 4. [P ↔ (R ∨  ~P)]
Q ~R
~(P → R)

Part (e)  Symbolize each of the following arguments and construct a derivation
of the conclusion from the premises:

1. If John comes to the party, Joe will not come.  Joe will not come unless
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Mary comes, but Mary will only come if John comes.  Therefore, Joe
will not come to the party.

2. If the bank rejects his loan application, Mr.  Horner will either have to
get the money somewhere else or sell his business.  If the bank will not
lend him the money, he will not be able to get it anywhere else either.
But if he sells his business, his only alternative will be to join the Peace
Corps.  Thus if the bank rejects his loan application, Mr.  Horner will
join the Peace Corps.

3. If the Stanford beats UCLA in basketball, they will score a great victory.
If Stanford announces that they are cutting their budget for sports,
UCLA will cut its sports budget.  If UCLA cuts its sports budget, but
the Stanford does not cut theirs, then Stanford will beat UCLA in
basketball.  Stanford is very devious, and will announce that they have
cut their budget without actually doing so.  Therefore, Stanford will
score a great victory.

4. If the class does well, and the professor knows it, he will not give them
a test.  But the professor will not know that the class does well unless
he gives them a test.  Therefore, if the class does well the professor will
not know it.

5. If Didereux becomes President of France, England will lose its influence
in the European Union.  If England loses its influence in the European
Union, she will have to trade heavily with the United States to avoid
economic disaster.  If England trades heavily with the United States
and loses its influence in the European Union, many large corporations
will move out of England.  If many large corporations move out of
England, she will suffer economic disaster.  If England suffers economic
disaster, she will be taken over by the Communists.  Consequently, if
Didereux becomes President of France, England will be taken over by
the Communists.

Part (f)  Try your hand at the following derivations, but don’t be disappointed
if you do not get them.  They are difficult.

1. (Q → R)
[R → (P & Q)]
[P → (Q ∨  R)]
(P ↔ Q)

2. no premises
[{(P ∨  Q) & [(~P ∨  Q) & (P ∨  ~Q)]} → ~(~P ∨  ~Q)]

3. no premises
{[(P ↔ Q) ↔ R] ↔  [P ↔ (Q ↔ R)]}
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4. no premises
({[P & (Q → R)]  →S} ↔  {[~P ∨  (Q ∨  S)] & [~P ∨  (~R ∨  S)]})


