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1.  Introduction to the Predicate Calculus

We have seen that we can deal with many statement forms and argument
forms within the propositional calculus.  But there are also many statement
forms and argument forms that do not fall within the scope of the
propositional calculus.  For instance, we have no way of expressing the
form of statements like “All men are mortal” in the propositional calculus.
This statement has the form “All A are B”, but that cannot be symbolized as
a formula of the propositional calculus.  And similarly, the argument form

1. All A are B.
2. All B are C.

3. Therefore, all A are C.

is valid, but cannot be expressed in the propositional calculus.  In general,
those statement forms and argument forms that involve such words as
“all”, “each”, “every”, and “some” or “there is”, cannot be symbolized in
the propositional calculus.  To study these statement and argument forms,
we must extend the propositional calculus, making it more expressive. The
logical theory that we get when we do this is called the predicate calculus. It
turns out that virtually all of the deductive reasoning we perform can be
expressed in the predicate calculus.

2.  Predicates, Relations,
and Individual Constants

To deal with the forms of statements like “All men are mortal” or “All
apples are red”, we need the concept of a predicate.  When we say something
about some individual (a person, object, number, and so on), we ascribe a
predicate to that individual.  If we say “John is a bachelor”, we ascribe the
predicate “is a bachelor” to John.  In order to symbolize the form of a
statement like “John is a bachelor”, we use capital letters, with or without
numerical subscripts, to stand for predicates.  We might use B to stand for
“is a bachelor”.  We must also have some way of symbolizing those
expressions, like “John”, or “the girl with the red hair”, that denote
individuals.  For this purpose we use the lower case letters from a through
s, with or without numerical subscripts.  They are called individual constants.
We might let j stand for “John”.  Using predicate letters and individual
constants we can symbolize the form of the statement “John is a bachelor”
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as Bj.  In other words, we write the predicate letter followed immediately
by the individual constant.  Whenever we have a statement of the form “b
is A” (for example, “This apple is red”, or “James is angry”), we symbolize
it in the predicate calculus at Ab.

Predicates are used to say something about a single individual.  But
sometimes we want to talk about two or more individuals, saying how they
are related.  For this purpose we use relations.  For example, the statement
“John is taller than Bill” employs the relation “is taller than”.  We might
symbolize this as Tjb, letting j stand for “John”, b for “Bill”, and T for the
relation “is taller than”.  “is taller than” is a two-place relation, i.e., it relates
two things.  There can also be three-place relations, four-place relations, etc.
For example, “is between” relates three things and so is a three-place relation.
We can think of predicates as one-place relations.  For symbolizing relations
we use capital letters, and call them relation symbols.  The same symbol can
be used to symbolize a statement (in which case it is functioning as a sentential
letter) or a relation.  So we make no distinction between relation symbols
and sentential letters.

The order in which we write the individual constants after a relation
symbol makes a difference to what is expressed.  If Tjb means “John is taller
than Bob”, then Tbj means “Bob is taller than John”.  In specifying the
meaning of a relation symbol, we must say in what order the individual
constants are to be written.  We can do this with the following device.
Rather than just saying that T stands for the relation “is taller than”, we can
say that it stands for the relation “(1) is taller than (2)”.  Then in using T to
symbolize a statement, we consider what is in the place of the (1) and what
is in the place of the (2).  In symbolizing “John is taller than Bob”, “John” is
in the place of the (1) and “Bob” is in the place of the (2).  This signifies that
“John” comes first and “Bob” comes second.  Thus we symbolize the statement
as Tjb.  If instead we had taken T to stand for the relation “(2) is taller than
(1)”, then in the statement “John is taller than Bob”, “John” would occupy
the place of the (2), indicating that it comes second, and “Bob” would
occupy the place of the (1), indicating that it comes first.  Then the statement
would be symbolized as Tbj.  We might diagram this as follows:

John is taller than Bob.

(2) is taller than (1).

T    b    j

In general, if we have a relation “(1) ... (2)”, and we have some statement of
the form “b ... c”, where b and c denote individuals, then in deciding in
what order to write b and c after the relation symbol, we match up the
statement with the relation and see which individual constant corresponds
to which number.  The individual constant corresponding to (1) is written
first, and the individual constant corresponding to (2) is written second.

To illustrate this with a slightly more complex example, consider the
three-place relation “is between”.  For example, we might say that John is
between Bob and William. In symbolizing this statement we might let B
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stand for “(1) is between (2) and (3)”.  Then letting j stand for “John”, b for
“Bob”, and m for “William”, we can symbolize the form of “John is between
Bob and William” as Bjbm.  Had we instead let B stand for “(2) is between
(1) and (3)”, then the statement would be symbolized as Bbjm.

Exercises

A. Letting T be “(1) is taller than (2)” and B be “(1) is between (2) and (3)”,
and letting j stand for “John”, b for “Bob”, and m for “William”, symbolize
the forms of the following statements:

1. If Bob is taller than John, then it is not the case that John is taller than
Bob.

2. If John is taller than Bob, and Bob is taller than William, then John is
taller than William.

3. It is not the case that John is taller than himself.

4. If John is between Bob and William, then John is between William
and Bob.

5. If John is between Bob and William, then neither is Bob between
John and William nor is William between John and Bob.

B. Letting B be “(2) is between (1) and (3)”, symbolize the fourth and fifth
statements of the preceding exercise.

3.  Quantifiers and Variables

We are still not able to symbolize the forms of statements like “All
apples are red”.  For that we must introduce the concepts of a variable and
a quantifier.  Consider the statement “Given any two things, either the first
is taller than the second, or the second is taller than the first”.  To symbolize
the form of this statement, we need a symbolic device that will work like
the expressions “the first” and “the second” to allow us to talk about two
unspecified objects.  To do this we borrow the notion of a variable from
algebra.  In algebra we write things like x + y = y + x.  This means “Given
any two numbers, the first added to the second is equal to the second
added to the first”.1  In other words, we use the variables x and y instead of
the expressions “the first” and “the second”.  Using variables in this way,
we can paraphrase a statement like “Given any object, there is an object
taller than it” as “Given any object x, there is and object y such that y is
taller than x”.  In other words, variables act much like pronouns.  They

1  Notice that when we write “Given any two numbers”, we do not mean
“Given any two different numbers”.  The two numbers may be equal; for
example x and y in x + y = y + x may both refer to the same number.

allow us to refer to the same object several times and to keep it separate
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from other objects we may be talking about.  A variable will be any lower
case letter of the alphabet from t through z, with or without numerical
subscripts.  For example, x, z, t2, and w137 are variables.

We can paraphrase statements in which “every”, “all”, “any”, “some”,
and “there is” occur by using variables.  “Given any two objects, if the first
is taller than the second, then it is not the case that the second is taller than
the first” can be paraphrased as “Given any two objects x and y, if x is taller
than y, then it is not the case that y is taller than x”.  If we now write
variables after relation symbols just like we wrote individual constants after
them, we can partially symbolize this statement as “Given any two objects,
x and y, (Txy → ~Tyx)”.  Simple statements like “Everything is red” can
also be paraphrased in this way: “Given anything x, Rx”.

Now consider how we might symbolize the form of the statement “All
apples are red”.  The first step is to paraphrase it to get it into the form
“Given anything x, .. ”  What can we put in the blank?  “All apples are red”
means “Everything that is an apple is red”, or “Given anything if it is an
apple then it is red”.  So this can be paraphrased as “Given anything x, if x
is an apple then x is red”.  Letting A be “is an apple” and R be “is red”, we
can partially symbolize this as “Given anything x, (Ax → Rx)”.  Now all
that remains is to introduce some way to symbolize the phrase “Given
anything x”.  We will do this using an inverted “A”: “(∀ x)”.  Then, “Given
anything x, (Ax → Rx)” can be symbolized as (∀ x)(Ax → Rx).  “(∀ x)” is
called the universal quantifier with respect to x.  Similarly, “(∀ y)” is the universal
quantifier with respect to y, and so on.  Note that it makes no difference
which particular variable we use in symbolizing something.  We can
symbolize “All apples are red” as either (∀ x)(Ax → Rx) or (∀ y)(Ay → Ry).
The reason for having more than one variable at our disposal will become
apparent when we discuss formulas that contain more than one quantifier.

In general, a statement of the form “All A are B” can be paraphrased
as “Given anything x, if x is A then x is B”.  So “All A are B” can be
symbolized as (∀ x)(Ax → Bx).

The universal quantifier corresponds to the expressions “all” and
“every”.  It is convenient to have another kind of quantifier corresponding
to the expressions “some” and “there is”.  Consider the statement “Some
apples are green”.  This can be paraphrased as “There is something x, that
is a green apple”.  To say that something is a green apple is just to say that
it is both green and an apple.  So “Some apples are green” can be paraphrased
as “There is something x, such that (Gx & Ax)”.  Next we want to introduce
a symbol for the phrase “There is something x, such that”.  The symbol
“(∃ x)” will be used.  This is called the existential quantifier with respect to x.
“Some apples are green” can be symbolized as (∃ x)(Gx & Ax).  In general, a
statement of the form “Some A is B” or “There is an A that is B” can be
symbolized as (∃ x)(Ax & Bx).

It should be noted that in symbolizing a statement of the form “Some
A is B” we use a conjunction, whereas in symbolizing a statement of the
form “All A are B” we use a conditional.  There seems to be a strong
temptation to mix these up, and either symbolize “All A are B” as (∀ x)(Ax
& Bx) or “Some A is B” as (∃ x)(Ax → Bx).  These are wrong for the following
reasons. First consider (∀ x)(Ax & Bx).  This says that everything is both an
A and a B.  But that is not what we mean when we say that all A are B.  We
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do not mean to imply that everything is an A.  Thus we must write (∀ x)(Ax
→ Bx) rather than (∀ x)(Ax & Bx).  Similarly, consider (∃ x)(Ax → Bx).  Recall
that (Ax → Bx) is tautologically equivalent to (~Ax ∨  Bx).  What (∃ x)(~Ax ∨
Bx) says is that there is something that either is not an A or is a B.  This will
be true if there is something which is not an A, regardless of whether there
is anything that is a B.  For example, if G is “is green” and A is “is an
apple”, then (∃ x)(~Ax ∨  Gx) would be true just as long as there is something
that is not an apple.  It does not require that any apples be green.  Consequently,
we must symbolize “Some A is B” as (∃ x)(Ax & Gx) rather than (∃ x)(Ax →
Gx).

One way to understand why “All A are B” is symbolized using a
conditional but “Some A is B” is symbolized using a conjunction is to note
that “Some A is B” is equivalent to “It is not the case that all A are non-B”.
The latter would be symbolized as ~(∀ x)(Ax → ~Bx). Intuitively, ~(∀ x)... is
equivalent to (∃ x)~... . That is, to say that it is false that everything has a
property is just to say that something lacks it. So ~(∀ x)(Ax → ~Bx) is equivalent
to (∃ x)~(Ax → ~Bx). By the propositional calculus, ~(Ax → ~Bx) is equivalent
to (Ax & Bx), so ~(∀ x)(Ax → ~Bx) is equivalent to (∃ x)(Ax & Bx). In other
words, the reason “Some A is B” is symbolized using a conjunction is that
the negation of a conditional is equivalent to a conjunction.

A formula of the form (∀ x)( . . . ) is called a universal generalization
(with respect to x), and a formula of the form (∃ x)( . . . ) is called an
existential generalization (with respect to x).  Universal and existential
generalizations were introduced to symbolize statements involving “all”,
“every”, “some”, and “there exists”, but there are some other expressions
that can also be symbolized with their help.  One such expression is “No”.
Consider the statement “No positive integer is less than itself”.  This can be
paraphrased and then symbolized as follows:

No apple is blue.
It is not the case that there is a blue apple.
~(∃ x)(x is an apple and x is blue)
~(∃ x)(Ax & Bx)

Note that there is an alternate way of paraphrasing and symbolizing this
statement:

No apple is blue.
Every apple is non-blue.
(∀ x)(if x is an apple then x is not blue)
(∀ x)(Ax → ~Bx)

In general, “No A is B” can be paraphrased either as “It is not the case that
there is an A that is B” or as “Given any A, it is not a B”.  The first
paraphrase produces the symbolization ~(∃ x)(Ax & Bx), and the second
produces the symbolization (∀ x)(Ax → ~Bx).  It will be shown later that the
formulas ~(∃ x)(Ax & Bx) and (∀ x)(Ax → ~Bx) are equivalent, so it makes no
difference which way we symbolize a statement involving “No”.

The English word “any” behaves peculiarly. In some contexts it
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expresses a universal generalization, but in others it expresses an existential
generalization. For example, “If anyone was president before Jefferson, he
was president before Lincoln”, means “Everyone who was president before
Jefferson was president before Lincoln”, which is a universal generalization.
But, “If anyone was president before Jefferson, then Jefferson was not the
first president”, means, “If there was a president before Jefferson, then
Jefferson was not the first president. The latter is a conditional with an
existential antecedent. So in symbolizing English sentences containing “any”,
one must think carefully about what they mean rather than treating them
mechanically.

Exercises

Letting P stand for “was a president of the United States”, B for “(1) was
president before (2)”, and letting g stand for “Washington”, l for “Lincoln”,
and j for “Jefferson”, symbolize the forms of the following statements:

1. There was no president before Washington.

2. Washington was president before anyone who was president after
Lincoln.

3. Someone was president before Lincoln and after Jefferson.

4. Everyone who was president before Jefferson was president before
Lincoln.

4.  Statements with Several Quantifiers

More than one quantifier is required for symbolizing the forms of
some statements.   Consider:

Given any two things, if the first is taller than the second, then it is false
that the second is taller than the first.

We can paraphrase this as

Given any two things x and y, if Txy then ~Tyx.

This can be partially symbolized as

Given any two things x and y, (Txy → ~Tyx).

 This in turn can be paraphrased as

Given anything x, given anything y, (Txy → ~Tyx)

which can then be symbolized as

(∀ x)(∀ y)(Txy → ~Tyx).

Consider some further examples of symbolizing the forms of statements
using formulas of the predicate calculus.  Let P stand for the predicate “is a
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positive integer”, let E stand for “is even”, let O stand for “is odd”, let L
stand for “(1) is less than (2)”, and let I stand for “(1) is equal to (2)”.  Let a1
stand for the numeral “1”, a2 for the numeral “2”, a3 for the numeral “3”,
and so on.

First consider a few examples that do not involve quantifiers.  The
statement “1 is less than 2” will be symbolized as La1a2.  The statement “1 is
less than or equal to 2” can be paraphrased as “1 is less than 2, or 1 is equal
to 2”, which can then be symbolized as (La1a2 ∨  Ia1a2).  The statement “7 is
greater than 5”, can first be paraphrased as “5 is less than 7”, and then
symbolized as La5a7.

Now consider some statements involving quantifiers.  The statement
“Every positive integer is either odd or even” can be paraphrased as “Given
anything x, if x is a positive integer than either x is odd or x is even”.  This
can then be partially symbolized as (∀ x)[if Px then either Ox or Ex], and
then finished as (∀ x)[Px → (Ox ∨  Ex)].

The statement “There is a positive integer greater than every positive
integer” can be paraphrased as “There is something x, such that x is a
positive integer, and x is greater than every positive integer”. This in turn
can be partially symbolized as (∃ x)[Px and x is greater than every positive
integer].  This can be paraphrased as (∃ x)[Px and given anything y, if y is a
positive integer then x is greater than y].  This can be partially symbolized
as (∃ x)[Px and (∀ y)(if Py then Lyx)], and then finished as (∃ x)[Px & (∀ y)(Py
→ Lyx)].

The symbolization of the last statement illustrates the general pattern
that should be followed in complex cases.  The process of symbolizing is
done in two steps  First we introduce quantifiers and variables.  Second we
symbolize the rest as in the propositional calculus, beginning with the smallest
parts and working outwards.  It is illuminating to diagram this process as
follows:

There is a positive integer greater than every positive integer.

( ∃ x)[x is a positive integer and x is greater than every positive integer]

(∃ x)[x is positive integer and (∀ y)(if y is a positive integer then x is
greater than y)]

(∃ x)[ Px & (∀ y)(if Py then Lyx)]

(∃ x)[Px & (∀ y)(Py → Lyx)]

When symbolizing a complex statement, we begin with the outermost
(leftmost) quantifier and then work inwards, introducing new quantifiers
and variables as we go.  We begin with the largest parts and work down to
the smallest parts.  Then in the second step, after we have introduced all of
the quantifiers in the formula, we symbolize the rest of the formula as in the
propositional calculus, beginning with the smallest parts and working
outwards to the larger parts.

The preceding example illustrates something important.  Notice that
“(∀ y)” comes in the middle of the formula—just where it comes in
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paraphrasing the original sentence.  It is important to realize that the
quantifiers are not automatically placed at the front of the formula.  It is a
common mistake to try to put them there.

Consider another example:

Given any positive integer, there is a greater positive integer.

In symbolizing this, the first step is to introduce quantifiers and variables,
from the outside working in:

Given any positive integer, there is a greater positive integer.

(∀ x)[if Px then there is a positive integer greater than x]

(∀ x)[if Px then (∃ y)(Py and Lxy)]

Then we finish up by symbolizing the rest of the expression as in the
propositional calculus:

(∀ x)[Px → (∃ y)(Py & Lxy)]

Consider another example.  The statement “Given any odd positive
integer, there is a greater even positive integer” can be symbolized as follows:

Given any odd positive integer, there is a greater even positive integer.

(∀ x){if x is an odd positive integer, then there is an even positive integer
greater than x}

(∀ x){if (Px & Ox) then there is an even positive integer greater than x}

(∀ x){if (Px & Ox) then (∃ y)[y is an even positive integer and y is greater
than x]}

(∀ x){(Px & Ox) → (∃ y)[(Py & Ey) & Lxy]}

If the general strategy for symbolizing statement forms in the predicate
calculus is borne in mind, the student can mechanically symbolize statements
so complex that they are hard to understand in English.  Remember that the
general strategy is to begin with the outermost quantifiers and work inwards
when introducing quantifiers and variables.  Then those parts that do not
involve quantifiers can be symbolized just as in the propositional calculus.
To illustrate the potency of this approach, consider an almost unintelligible
English sentence:

Everyone loves someone who doesn’t love anyone who loves himself.

Letting P symbolize “is a person” and L symbolize “(1) loves (2)”, we can
symbolize the statement as follows:

(∀ x) if x is a person then x loves someone who doesn’t love anyone
who loves himself.

(∀ x) if x is a person then there is someone y such that Lxy and y
doesn’t love anyone who loves himself.

(∀ x){Px → (∃ y){(Py & Lxy) & y doesn’t love anyone who loves himself}

(∀ x){Px → (∃ y)[(Py & Lxy) & there is no z such that z is a person and y



THE SYNTAX OF THE PREDICATE CALCULUS 110

loves z and z loves himself]}

(∀ x){Px → (∃ y)[(Py & Lxy) & ~(∃ z)(z is a person and y loves z and z
loves himself)]}

(∀ x){Px → (∃ y)[(Py & Lxy) & ~(∃ z)((Pz & Lyz) & Lzz)]}

Thus it is straightforward to symbolize the sentence even though we have
trouble grasping its meaning. Symbolizing it may actually help us in
understanding it.

Exercises

A.  Letting P stand for “was a president of the United States”, B for “(1) was
president before (2)”, D for “(1) died before (2)”, A for “(1) was born before
(2)”, and P2 for “is a person”, and letting g stand for “Washington”, l for
“Lincoln”, and j for “Jefferson”, symbolize the forms of the following
statements:

1. Given any two presidents, if the first was born before the second,
then the first died before the second.

2. Some presidents were born before others, and some died after others.

3. There is at least one president who was born before another president
and died after him.

4. There were no two presidents between Jefferson and Lincoln such
that one was born before the other but died after him.

5. There is a president who was president both before and after another
president.

6. Given any three past presidents, if the first died before the second,
and the second died before the third, then the first died before the
third, but it is not the case that given any three presidents, if the first
was born before the second, and the second was president before the
third, then the third died after the second.

7. Given any two presidents, if the first died before Jefferson, and Lincoln
died before the second, then if the second was born before the first,
then the second was president before the first and died after
Washington but before Jefferson.

8. No president was president both before and after two presidents
who in turn were each president both before and after each other.

B.  Letting D stand for “is a dog”, A for “is a day”, S for “is a stone”, L for
“is an angel”, R for “is a time when it rains”, B for “is rolling”, P for “is a
time when it pours”, F for “is a fool”, M for “is moss”, H for “(1) has (2)”, U
for “(1) rushes into (2)”, G for “(1) gathers (2)”, and E for “(1) fears to tread
in (2)”, the following formulas symbolize familiar sayings.  Express these
sayings in English.
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1. (∀ x)(Rx → Px)

2. (∀ x)[Dx → (∃ y)(Ay & Hxy)]

3. (∀ x)[(Sx & Bx) → ~ (∃ y)(My & Gxy)]

4. (∀ x)(∀ y){[(∃ z)(Lz & Ezy) & Uxy] → Fx}

5.  Symbolizing Relations

Thus far we have only been concerned with symbolizing the forms of
statements, but the same thing can be done with relations.  Some relations
can be viewed as constructed out of other simpler relations.  For example,
the relation “Either (1) loves (2), or (2) loves (1)” is constructed out of the
simpler relation “(1) loves (2)”.  Taking the relation symbol L to stand for
the simpler relation “(1) loves (2)”, we can symbolize the form of the complex
relation by writing [L(1)(2) ∨  L(2)(1)].  We can then go a step further and
replace the numbers in parentheses by variables.  The result is the formula
(Lxy ∨  Lyx), which gives us the logical form of the complex relation.

Consider a more complicated example:

If (1) strikes (2) in the presence of (3), then (3) will think poorly of (1),
but (2) will be embarrassed and will think poorly of himself.

Letting S stand for “(1) strikes (2) in the presence of (3)”, letting T stand for
“(1) thinks poorly of (2)”, and letting E stand for “is embarrassed”, we can
symbolize the complex relation as

If S(1)(2)(3), then T(3)(1), but E(2) and T(2)(2)

{S(1)(2)(3) → [T(3)(1) & (E(2) & T(2)(2))]}

When we replace the numbers by variables we get

{Sxyz → [Tzx & (Ey & Tyy)]}

In replacing the numbers by variables it makes no difference which variables
we choose.  We could have symbolized the above relation equally well as
{Szyx → [Txz & (Ey & Tyy)]}.

Sometimes we must use quantifiers in symbolizing the form of a relation.
The relation

(1) is the father of the mother of (2)

can be paraphrased as

There is something, x, such that (1) is the father of x and x is the mother
of (2).

Letting F stand for “(1) is the father of (2)” and M stand for “(1) is the
mother of (2)”, we can symbolize this as

(∃ x)(F(1)x & Mx(2)).
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Replacing “(1)” by y and “(2)” by z we obtain

(∃ x)(Fyx & Mxz).

Notice that the variables we substitute for “(1)” and “(2)” must be
different from the variable we use with the quantifier.  Had we used x
again for “(1)” and y for “(2)”, the result would have been the formula
(∃ x)(Fxx & Mxy).  This means “There is something that is its own father,
and it is the mother of (1)”.  Each time we introduce a variable to serve a
new purpose in symbolizing the form of a relation, it must be distinct from
any we have used before.

Exercises

A. Symbolize the forms of the following relations, letting M stand for “(1)
is married to (2)”, W stand for “(1) is a wife of (2)”, F stand for “(1) is the
father of (2)”, P stand for “(1) is a parent of (2)”, B stand for “(1) is a brother
of (2)”, S stand for “(1) is a sister of (2)”, and D stand for “(1) is a daughter
of (2)”.

1. (1) is a grandfather of (2).

2. (1) is the paternal grandfather of (2).

3. (1) is a sister-in-law of (2).  (A sister-in-law is a wife of a brother or a
sister of a spouse.)

4. (1) is the paternal grandfather of (2)’s maternal grandmother.

5. (1) is a cousin of (2). (A cousin is an offspring of a sibling of a parent.)

6. (1) is a niece of (2).  (A niece is a daughter of one's brother or sister or
daughter of the brother or sister of one's spouse.)

7. (1) is a nephew of (2).  (A nephew is a son of one's brother or sister or son
of the brother or sister of one's spouse.)

8. (1) is an uncle of (2).  (An uncle is a brother of a parent or the spouse of a
sister of a parent.)

9. (1) is a cousin of a nephew of an uncle of (2).

10. A cousin of a sibling of (1) is a nephew of (2) and a grandmother of
(3).

6.  Of Freedom and Bondage

When we symbolize the form of a statement and introduce a quantifier
together with one or more occurrences of the corresponding variable, we
say that the quantifier binds those occurrences of the variable.  Therefore,
the quantifier “(∀ x)” binds both occurrences of x in (∀ x)(Ax → Bx).  Similarly,
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the quantifier “(∀ x)” binds all occurrences of x and the quantifier “(∃ y)”
binds all occurrences of y in the formula (∀ x)(Ax → (∃ y)Rxy).  It should be
noticed that different occurrences of the same variable can be bound by
different quantifiers.  The statement “Either all apples are red or all apples
are green” can be symbolized as

[(∀ x)(Ax → Rx) ∨  (∀ x)(Ax → Gx)].

Here the first and second occurrences of x are bound by the first quantifier,
and the third and fourth occurrences are bound by the second quantifier.
(We don’t count the variable in the quantifier itself as an occurrence.)  To
take a more complex case, in

(∀ x)[(Ax → Bx) & (∃ x)Ax]

the universal quantifier binds the first two occurrences of x, and the existential
quantifier binds the third occurrence of x.  An occurrence of a variable is
always bound by the innermost quantifier that can bind it.  Thus in the above
example the third occurrence of x is bound by the existential quantifier
rather than the universal quantifier.  If the existential quantifier were omitted
then all three occurrences of x would be bound by the universal quantifier.
In general, in a formula of the form (∀ x)( . . . x . . . ) or (∃ x)( . . . x . . . ), the
quantifier binds all occurrences of x within the formula that are not already
bound by another quantifier.

The formula that immediately follows a quantifier and in which any
occurrences of the variable of that quantifier not previously bound are bound
by the quantifier, is called the scope of the quantifier.  So, in the formula
[(∀ x)(Ax → Rx) ∨  (∀ x)(Ax → Gx)], (Ax → Rx) is the scope of the first
quantifier, and (Ax → Gx) is the scope of the second quantifier.  In the
formula (∀ x)(Ax → (∃ y)Rxy), (Ax → (∃ y)Rxy) is the scope of “(∀ x)”, and
Rxy is the scope of “(∃ y)”.  An occurrence of a variable is bound by a quantifier
if, and only if, the quantifier contains that variable, and the occurrence in question
is within the scope of that quantifier and not already bound by another quantifier.

Notice that in a formula we get by symbolizing the form of a statement,
each occurrence of a variable must be bound by some quantifier.  This is
because we only introduce variables along with quantifiers that bind them.
Variables only result from symbolizing English quantifiers like “all”, “each”,
“every”, “some”, and so on.  On the other hand, when we symbolize relations,
the variables that we put in place of the numbers in parentheses are not
bound by any quantifiers.  If an occurrence of a variable in a formula is not
bound by any quantifier, it is called a free occurrence.  For example, the
occurrence of z in (x)(∃ y)(Fxy ↔  Hxyz) is free.  Hence, the difference between
the formulas that result from symbolizing the forms of statements and those
that result from symbolizing the forms of relations is that the former never
have free occurrences of variables, and the latter always have fee occurrences
of variables.

A formula of the predicate calculus that does not have any free
occurrences of variables is called a closed formula.  So we always get closed
formulas when we symbolize the forms of statements.  A formula that
contains free occurrences of variables is called an open formula.  Open formulas
symbolize relations.
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Exercises

A.  In the following formulas, indicate the scope of each quantifier, and
which occurrences of variables are bound by each quantifier:

1. (∀ x)(Ax → Bx)

2. (∀ x)(Axb → (∃ y)Hxy)

3. [Rab ∨  (∀ x)(∃ y)Hxy]

4. (∀ x)[Hxa → {(Fax ↔  Hbx) → ~(∃ x)Hxx}]

5. (∀ x)(∀ y)(∀ z)Hxyz

6. [(∀ x)(Ax → Bx) ∨  ~(∃ x)(Ax & ~Bx)]

7. (∀ x){Hx → (∀ x)[Hx → (∀ x)(Hx → (∀ x)Hx)]}

B. For each of the following formulas, tell which (if any) occurrences of
variables are free:

1. Bxa

2. (∀ x)(Fxa → Bxy)

3. [(∃ x)(Gx & Hyz) ∨  Hxx]

4. (∀ x)[Hxa ↔  (∃ y)(∃ z)(Hyx → ~Hzz)]

5. (∀ x)(Hx1 → Bxx)

6. [(∀ x)(∃ y)(Bxyz ∨  ~ Bzyx) ∨  ~(Bxyz ∨  ~Bzyx)]

7.  Universes of Discourse

When we write (∀ x)Fx, we are saying that everything in the universe
has the property F.  This is sometimes expressed by saying that the variables
in quantifiers “range over” everything in the universe.  However, we are
often interested in only a subset of all the objects in the universe.  For
example, when we write “x + y = y + x” in mathematics, we are implicitly
supposing that our variables range only over numbers.  We could express
this precisely by taking N to symbolize “is a number” and writing:

(∀ x)(∀ y)[(Nx & Ny) → x + y = y + x].

However, when we are only interested in talking about numbers, it is more
convenient to eliminate the use of N and just write:

(∀ x)(∀ y) x + y = y + x

understanding that the variables just range over numbers.  When we do
this we say that we are employing a restricted universe of discourse.  If our
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universe of discourse consists exclusively of numbers, then “(∀ x)” means
“Given any number x” and “(∃ x)” means “There is a number x such that”.
This can produce formulas that are significantly shorter and easier to read.
For example, without using a restricted universe of discourse, we must
symbolize “For every number, there is a larger number” as

(∀ x)[Nx → (∃ y)(Ny & Lyx)].

But if we restrict our universe of discourse to numbers, this can be written
much more simply as (∀ x)(∃ y)Lyx.

Restricted universes of discourse are particularly useful in mathematics,
but they can be useful elsewhere as well.  For instance, in some contexts we
may only be talking about persons.  If we symbolize “Everyone is loved by
someone” without using a restricted universe of discourse, we will get

(∀ x)[Px → (∃ y)(Py & Lyx)],

but if we restrict our universe of discourse to persons we can again write
(∀ x)(∃ y)Lyx.

In the predicate calculus, we are allowed to take any class C of things
as our universe of discourse.  C could be the class of numbers, or the class
of persons, or anything else that is convenient.  When we do this, “(∀ x)”
means “Given anything x in the class C” and “(∃ x)” means “There is something
x in the class C such that”.

Exercises

Taking the class of human beings as your universe of discourse, and letting
M stand for “(1) is married to (2)”, W stand for “(1) is a wife of (2)”, F stand
for “(1) is the father of (2)”, P stand for “(1) is a parent of (2)”, B stand for
“(1) is a brother of (2)”, S stand for “(1) is a sister of (2)”, a stand for
“Arthur”, and b stand for “Bartholomew”, symbolize the forms of the
following statements. You can assume that Arthur and Bartholemew are
are humans and that parents and siblings of humans are humans.

1. It is false that anyone is both the father of Arthur and the mother of
Bartholomew.

2. Arthur has a mother who is married to his father.

3. Arthur is the paternal grandfather of Bartholomew.

4. Arthur is a sibling of someone.

5. Everyone who is married to anyone is the offspring of someone.

6. One of Arthur’s grandfathers is a brother of one of Bartholomew’s
grandmothers.

7. Anyone who is married to someone’s brother is someone’s sister-in-
law.

8. No one is the father of a brother of his mother.
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8.  Formulas of the Predicate Calculus

We have been using formulas of the predicate calculus to symbolize
statements and relations.  However, we have yet to give a precise definition
of the concept of a formula of the predicate calculus.  We can give such a
definition by making it analogous to the definition of a formula of the
propositional calculus.  We have already specified which symbols are
variables, individual constants, and relation symbols.  Remember that
relations symbols also function as sentential letters.  Then just as in the
propositional calculus, we define atomic formulas to be formulas that contain
no logical symbols, and we define molecular formulas to be formulas that
do contain logical symbols.  We now have a larger class of logical symbols,
because in the predicate calculus we include ∀  and ∃  as logical symbols.

As in the propositional calculus, sentential letters are atomic formulas.
They are the simplest atomic formulas.  However, in the predicate calculus
there are other atomic formulas as well.  These include expressions like Fxy
or Gcd.  In general, an atomic formula of the predicate calculus consists of a
relation symbol followed by any combinations of zero or more variables or
individual constants.  So, for example, the following are all atomic formulas:

P, Q, A13, F1x, F3xxx, G3xyz, A237ab, B4xaxa

Then all other formulas of the propositional calculus can be constructed by
successive applications of the following rules:

1. An atomic formula is a formula.
2. If A is any formula, then ~A is a formula.
3. If A and B are any formulas, then (A & B) is a formula.
4. If A and B are any formulas, then (A ∨  B) is a formula.
5. If A and B are any formulas, then (A → B) is a formula.
6. If A and B are any formulas, then (A ↔  B) is a formula.
7. If A is any formula and x is any variable, then (∀ x)A is a formula.
8. If A is any formula and x is any variable, then (∃ x)A is a formula.

The notions of free and bound occurrences of variables can also be
made more precise.  In a formula of the form (∀ x)A or (∃ x)A constructed
by Rules 7 or 8, A is the scope of the quantifier.  It should be observed that
by requiring A to be a formula we ensure that in any given formula, there
can only be one scope for each quantifier.  For example, in ((∃ x)Fx ∨  P) the
scope of the quantifier must be Fx.  It cannot be Fx ∨  P because this is not a
formula (it lacks parentheses).  An occurrence of a variable in a formula is
bound if, and only if, it is within the scope of a quantifier containing that
variable.  An occurrence of a variable is free if, and only if, it is not bound.
A formula that contains no free occurrences of variables is a closed formula.
An occurrence of a variable is bound by a particular quantifier if, and only
if, the variable in the quantifier is the same as the variable in question, and
the quantifier is the innermost quantifier whose scope contains the occurrence
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in question.
A peculiarity of this definition is that by Rules 7 or 8 a quantifier can

be appended to a formula even if that formula contains no free occurrences
of the variable of the quantifier.  Such a quantifier is said to be vacuous.  We
could have framed Rules 7 and 8 in such a way as to preclude vacuous
quantifiers, but that would have made them more complicated.  It is simpler
to allow vacuous quantifiers, as long as it is clearly understood what they
mean.  A formula with a vacuous quantifier will be taken to mean the same
thing as the corresponding formula without the quantifier.  Thus, for example,
the formula (∀ x)((∃ y)Fy → (∃ z)Gz) means the same thing as ((∃ y)Fy →
(∃ z)Gz).  In other words, a vacuous quantifier leaves the meaning of a
formula unchanged.

Exercises

Which of the following are formulas of the predicate calculus?  Which are
closed formulas and which are open formulas?

1. (∀ x)(∀ y)(Fxy → Fyx)

2. (P → (∃ x)Gxy)

3. ((∀ x)(∃ y)(∀ z)Gxy & Fyz)

4. (∃ z)(∀ x)Fxz → (∀ x)(∃ y)Gxy

5. (∃ x) ~(P & (∀ x)(Fx → Gx))

6. (∀ x)(∀ y)((Bxa → Bxy) ∨  ~(Hxyz & Bzy))

7. (∀ x)(Fx) → (∃ y)(Gxy → Fy)

8. ((∀ w)Pw ↔  ~(∃ z)(Wp & Pz))

9. (Wa & ~Wa)

10. ((P & Q) → R)

Practice Problems

Symbolize the forms of the following statements, using the symbols indicated:

1.  If someone is dead, there is a murderer in the house.  [D:  “is dead”;
P: “is a person”; M: “is a murderer”; H: “is in the house”]

2.  If someone is dead, Jones killed him.  [D: “is dead”; P: “is a person”;
K: “(1) killed (2)”; j: Jones]

3. Any student in some course John is in will flunk it if John does.  [S:
“is a student”; C: is a course”; I: “(1) is in (2)”; F: “(1) flunks (2)”, j:
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John]

4. If all members of the ping pong team are incapacitated, then if Castro
invites them to visit Cuba none of them will be able to go.  [P: “is a
member of the ping pong team”; I: “is incapacitated”; V: “(1) invites
(2) to visit (3)”; A: “(1) is able to go to (2)”; a: Castro; c: Cuba]

5. If the President gets his way, no congressman will dare vote against
the budget unless he (the congressman) is either retiring or from
California.  [G: “gets his way”; C: “is a congressman”; D: “dares to
vote against the budget”; R: “is retiring”; F: “is from California”; p:
the President]

6. No one who has been to Xanadu and seen the stately pleasure dome
now remembers how to get there.  [P: “is a person”; B: “(1) has been
to (2)”; R: “(1) remembers how to get to (2)”; a: Xanadu; d: the stately
pleasure dome]

7. If there are no prime numbers between 13 and 17, then if any number
between 13 and 17 is divisible by 13, it is also divisible by 4.  [N: “is a
number”; P: “is prime”; L: (1) is less than (2)”; D: “(1) is divisible by
(2)”; a3, a4, a13, a17]

8. If anyone steals the royal crown and melts it down, no one will miss
it unless the king does.  [S: “(1) steals (2); P: “is a person”; M: “(1)
melts (2) down”; I: “(1) misses (2)”; k: the king; c: the royal crown]

9. No one respects anyone who does not respect anyone.  [P: “is a
person”; R: “(1) respects (2)”]

10. Anyone who is taller than someone is taller than someone who isn’t
taller than anyone.  {P: “is a person”; T: “(1) is taller than (2)”]


